
CSC 340 WEEK 8 MIDTERM SOLUTIONS

NAME:

1. Consider the weighted graph depicted below. Note that some of the edges are
bidirectional and can be traversed both ways.
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This graph is reproduced on the last page of this test. For ease of reference, you can
just rip of the last page. Do this carefully so as not to destroy the staple holding
the rest of test together!
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1. Fill in the adjacency matrix for the above graph in the table below, using ∞ for
the weights of un-existing edges. (5)

Answer:

A B C D E F
A 0 10 ∞ ∞ 4 ∞
B ∞ 0 ∞ 10 10 ∞
C ∞ 3 0 5 ∞ 4
D ∞ ∞ 5 0 ∞ ∞
E 4 ∞ 2 ∞ 0 10
F ∞ ∞ ∞ 9 ∞ 0

2. Suppose that we are running Dijkstra’s algorithm to find the shortest paths from
vertex A to all other vertices and have just finished the initialization phase.

(a) In the table below, put an X mark 7 against all vertices v for which we now
know both the distance to v and the shortest path to v, and a check mark 3against
all vertices considered to be in the fringe. (2)

(b) In the distance (δ) of the table below, show the length of the shortest path for
each vertex for which we know the shortest path, or the length of the best known
path to each fringe vertex. In the predecessor row (Π) of the same table, show
the predecessor vertex for each known and fringe vertex. Put question marks for
the distance and predecessor values for vertices that are neither known nor fringe
vertices. (3)

Answer:

A7 B 3 C D E 3 F
δ 0 10 4
Π A A
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(c) Once the initialization phase is finished, Dikstra’s algorithm goes into its main
loop. Give clear and unambiguous pseudocode for what happens inside of the main
loop. (10)

Answer:

select a fringe vertex v∗ that has minimum δ(·) value
remove v∗ from fringe and add it to known
for every unknown vertex v

if v is in fringe
if δ(v∗) + L(v∗, v) < δ(v)
δ(v)← δ(v∗) + L(v∗, v)
Π[v]← v∗

else
add v to fringe
δ(v)← δ(v∗) + L(v∗, v)
Π[v]← v∗

end if
end if

end for

(d) Imagine the algorithm has carried out the first iteration of the step whose
pseudocode is shown in (c). Fill in the following tables by putting X marks on all
known vertices, check marks on all fringe vertices, and filling in the distance and
predecessor values for all known and fringe vertices as you did before. (5)

Answer:

A7 B 3 C3 D E 7 F 3
δ 0 10 6 4 14
Π A E A E

(e) Suppose that an implementation of Dijkstra’s algorithm maintains a predecessor
map that maps vertices to vertices (instead of an array).

If p is the predecessor map, then p[v] is the predecessor of v. We are using bracket
notation p[v] instead of the Java notation p.get(v). If a vertex v does not have a
predecessor recorded in the map, then p[v] returns the value null.

Write a method that takes a destination vertex d and prints out the sequence of
vertices on the shortest path from the source to d, beginning with the source and
ending with d. Use Java-like syntax. (10)
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Answer:

void printPath(Map <Vertex, Vertex> p, Vertex d)
{

LinkedList<Vertex> path = new LinkedList<>()
path.add(d)
Vertex v ← p.get(d)
while v 6= null
{

path.add(v)
v ← p.get(d)

}
System.out.println(path)

}

3. For this problem, suppose that we have an undirected graph represented by an
Adjacency list that is a global array A such that for each vertex v,

A[v] = linked list of all vertices that are neighbors of v.

In the following problems, you may use statements such as

for each vertex v . . .
{

// do something with v
}

or you may assume that the vertices of the graph are the integers 1, 2, . . . , N ,
where N is a positive integer.

3a) Recall that a vertex cover K in such a graph is a set of vertices such that each
edge of the graph has at least one of its endpoints in K.

Using only the adjacency list and without creating any other collections, write a
method

boolean isVertexCover(LinkedList<Vertex> K)

that takes a set of vertices represented as a linked list and returns true if the the
set is a vertex cover of the graph represented by the global adjanceny list A[]. (10)

Answer:

boolean isVertexCover(LinkedList<Vertex> K)
{

for each vertex v in the graph
{

if (v ∈ K) { continue }
for each vertex w ∈ A[v]
{

if (w /∈ A[v]) { return false }
}

}
return true

}
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3b) Recall that a clique K in such a graph is a set of vertices such that any two
distinct vertices u, v in K, the graph has an edge connecting u and v.

Using only the adjacency list and without creating any other collections, write a
method

boolean isClique(LinkedList<Vertex> K)

that takes a set of vertices represented as a linked list and returns true if the the
set is a clique in the graph represented by the global adjacency list A[]. (10)

Answer:

boolean isClique(LinkedList<Vertex> K)
{

for each u ∈ K
{

for each v ∈ K
{

if (u 6= v and u /∈ A[v]) { return false }
}

}
return true

}

4. Consider writing a backtracking algorithm to determine if a graph specified by
a global adjacency list as in Question 3 has a cligue of a target size t. The plan is
to write a function

boolean extend(LinkedList<Vertex> p, int s, int t)

that returns true if a partial solution p can be extended to clique of size t, and
returns false otherwise. The parameter s is the stage in the backtracking solution,
when the function is called with stage s, it means that every vertex in the range
1, 2, . . . , s − 1 has already been considered for inclusion /exclusion in the partial
solution, and this call is going to try extensions of p that include s, as well as
extensions that exclude s. You may use the isClique() function of Question 3b.
(10)

Answer:

boolean extend(LinkedList<Vertex> p, int s, int t)
{

if p.size() = = t { return isClique(p) }
// need to extend p
// try extending with s
p.add(s)
boolean success ← extend (p, s+ 1, t)
if success { return true }
// fail, so try extending without s
p.removeLast()
success ← extend (p, s+ 1, t)
return success

}
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5. It is desired to multiply a chain of matrices A1, A2, . . . , A6, and the dynamic
programming algorithm studied in class is used. It yields the following table of split
points:

1 2 3 4 5 6
1 -1 1 1 1 1 1
2 -1 2 3 4 5
3 -1 3 4 5
4 -1 4 5
5 -1 5

Here the the entry in row i and column j is the optimal split point for the matrix
chain Ai, . . . , Aj .

5a) Use this data to parenthesize the chain A1A2A3A4A5A6 in the way the indicates
the optimal order of multiplication. (5)

Answer:

A1((((A2A3)A4)A5)A6)

5b) Let the dimensions of the matrix Ai be di−1 × di.

Let C[i, j] be the minimum cost for multiplying the chain Ai . . . Aj . Write the
recurrence relation for C[i, j]. (5)

Answer:

C[i, j] = min
i≤k<j

{C[i, k] + C[k + 1, j] + di−1dkdj}

5c) Write the boundary conditions for this recurrence. (5)

Answer:

C[k, k] = 0 for all k = 1, . . . , n.

6) You are going on a long trip. You start on the road at mile post 0. Along the
way there are n hotels, at mile posts a1 < a2 < · · · < an, where ai is measured from
the starting point. The only places you are allowed to stop are at these hotels, but
you can choose which of the hotels you stop at. You must stop at the final hotel
(at distance an), which is your final destination.

You would ideally like to travel 200 miles a day, but this may not be possible
(depending on the spacing of the hotels). If you travel x miles during a day, the
penalty for that day is (200 − x)2. You want to plan your trip so as to minimize
the total penalty – that is, the sum, over all travel days, of the daily penalties.
You want to design a dynamic programming algorithm that determines an optimal
sequence of hotels at which to stop.

You will only do the first step, which is coming up with an appropriate recurrence
relation. Define such a relation, with justification, and give the boundary condition.
Explain clearly the meaning of the expression on the left hand side of the recurrence
relation.
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Hint: it is helpful to imagine that there is a hotel at mile post a0, the start point
for your journey. (10)

Answer:

Let P [k] be the minimum total cost of the last stop being at the hotel at mile post
ak. Assuming that mile post aj was the previous stop for some j where 0 ≤ j < k,
then you traveled ak − aj on the last day, with a penalty of 200− (ak − aj)2.

Thus the recurrence relation is

P [k] = min
0≤j<k

{(200− (ak − aj))2 + P [j]}

and the boundary condition is P [0] = 0.

7) Consider the following 2-partition problem. Given integers a1, . . . , an, we want
to determine whether it is possible to partition {1, . . . , n} into two disjoint subsets
I and J such that ∑

i∈I
ai =

∑
j∈J

aj =
1

2

n∑
i=1

ai

For example, in the case {17, 10, 7} the answer is yes, while in the case of {4, 4, 4}
the answer is no.

Devise a recurrence relation (with justification) that will be a basis for a dynamic
programming solution. Be sure to specify the boundary condition. (10)

Answer:

Let P [X,Y, k] be the boolean statement that is true when the sum of the I-items
is X and the sum of the J-items is Y after the elements a1, . . . , ak have been
partitioned.

If you let

T =
1

2

n∑
i=1

ai

then computing the boolean statement P [T, T, n] will answer our question.

The recurrence relation is

P [X,Y, k] = P [X − ak, Y, k − 1] or P [X,Y − ak, k − 1]

and the boundary conditions are

P [0, 0, 0] = true

P [0, 0, X] = false whenever X 6= 0.


